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Final Exam
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• Exam Date: 4th of July, Tuesday



Exam Format and Rules
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• Hand-written Notes: A4 page, double-sided

• Basic Calculator (non-programmable)

• We will provide Laplace Transform Tables

• Check Moodle for details and announcements



Extra Materials
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• Previous exam problems

• Solved problems in Polycopie



Nyquist Plots (PS 11)
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Nyquist Plots (PS 11)
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Model-driven Questions
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• Mathematical Modeling (P2-P3)
• Linearization (P4)

• Properties of Linear and Time-Invariant Systems (P1)

• State space representation (P4)
• Time-domain Analysis

• Transfer Function: Laplace Transform (P6)
• Inverse Laplace Transform for Time-domain Analysis (P7)
• Sinusoidal Transfer Function for Frequency Domain Analysis (P9)
• Poles and Zeros: Stability (P8)

• Impulse Response (P5)
• Convolution Operation: Time-domain Analysis

• Generating Diagrams: Output vs time, Bode Plot, Nyquist Plot (P10)



Data-driven Questions
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• Extract information from data and plots (P10)
• Unit-step response: Time-domain analysis

• Settling time, rise time, peak time, overshoot, damping
• Transient response
• Find transfer function

• Switch to frequency response
• Reconstruct mathematical model and identify the system

• Bode plots
• Corner frequency, resonant frequency
• Steady-state response
• Design of filters
• Find transfer function

• Switch to time domain response
• Reconstruct mathematical model and identify the system



Problem 1 (Modeling)
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• System is initially at rest.

• Equations of motion
• State-space representation
• Transfer function
• Analogous circuit



Problem 1: Notes
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• System: Mechanical, electrical, or electromechanical

• Pay attention to definitions of parameters and variables

• What assumptions did we make to simplify the problem?

• Analogous circuit: Switching between systems



Problem 1 (Modeling)
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• System is initially at rest.

• Equations of motion
• Transfer function
• Unit-step response
• Calculate the output for a given input (Laplace)



Problem 1 (Modeling)
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• System is initially at rest.

• Equations of motion (PS3 Ex4 and PS4 Ex3)
• Linearize the system around a given equilibrium point
• State-space representation



Problem 1 (Modeling)
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• Equations of motion 
• State-space representation
• Transfer function

ME-221 Final Exam —– Spring 2019

Problem 1 (30 points)

Consider the electromechanical system depicted below. A running rodent provides the input torque
T for the electric generator by spinning a wheel. The rotation of the wheel generates voltage Eg that
is linearly proportional to the angular velocity !. A current i starts to flow through the load circuit
with resistors of resistances R1 and R2 as well as an inductor with inductance L. The current, in
return, induces a back-torque denoted by Tb that is linearly proportional to the current and resists the
motion of the wheel. The generator and back-torque constants are given by Kg and Kb, respectively.
The wheel has an inertia denoted by J while fR represents the rotational viscous damping coefficient
of the shaft.

i

Eg

R1

JfR

t

R2

L

T

Tb

1. (7 points) Write down the equations of motion.

2. (6 points) Derive a state-space representation of the system.

3. (6 points) Find the transfer function G(s) = I(s)/T (s) from the input torque T to the output
current i. What is the order of this system?

4. (4 points) The parameter values are given as J = 0.1 kg·m2, fR = 0.4 kg·m2/rad·sec, R1 = 2 ⌦,
R2 = 6 ⌦, L = 2 H, Kg = 9 V·sec/rad , and Kb = 0.2 N·m/A. What is the steady-state value
of the unit step response? Does this system display a resonant peak? If yes, find the resonant
frequency. Otherwise, explain why not.

5. (7 points) We would like to design a first order filter F (s) =
K

⌧s+ 1
in a way that the new

system with the transfer function G0(s) = G(s)⇥F (s) has magnitude |G0(j!)| = 45 and phase
angle � = �3⇡/4 at frequency ! = 5 rad/sec. What are the values of K and ⌧?
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Problem 1 (Modeling)
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• Equations of motion 
• State-space representation
• Transfer function

ME-221 Final Exam —– Spring 2020

Problem 1 (25 points)

Consider the mechanical system shown below. A cylinder with mass M , radius r, and inertia J =
Mr

2
/2 is rolling without slipping on a surface and the friction force is denoted by fr (not shown in

the illustration). The cylinder is connected to the wall via a spring and linear damper with spring
and damping coefficients k1 and c1, respectively. On the other side, the cylinder is attached to a cart
with mass m via a spring with spring coefficient k2. The cart rolls on the surface without friction
and it is connected to the wall via a linear damper with damping coefficient c2. An external torque
T is acting on the cylinder and the motion of the cylinder is described by the angle ✓ and position
z1 while the position of cart is denoted by z2. All the coordinates are measured with respect to an
equilibrium rest position (i.e. initial conditions are zero).

m

M,r

k2 c2c1

k1

ș 

T

z1 z2

1. (6 points) Write down the equations of motion (Hint: z1 = r✓).

2. (5 points) Derive a state-space representation of the system. Assume that the input is the
torque T and the output is the total force acting on the cart. What is the order of this system?

3. (6 points) Find the transfer functions G1(s) = Z2(s)/T (s) and G2(s) = Z2(s)/⇥(s).

4. (8 points) For a given set of parameters, the transfer function of the system with T as input and
z2 as output (i.e. G(s) = Z2(s)/T (s)), is calculated as G(s) =

2

(s2 + 0.1s+ 0.04)(s2 + s+ 25)
.

Which Bode plot shown on the next page belongs to this system? Justify your result. Estimate
(do not calculate) the phase shift in the steady-state value of the output for T = 10sin(t).
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Problem 1 (Modeling)

15

• Equations of motion 
• State-space representation
• Transfer function

ME-221 Final Exam —– Spring 2022

Problem 1 (30 points)

Consider the mechanical system shown on the
right. A cart of mass M is attached to the wall
using a linear spring k and a viscous damper c1.
A pendulum of length L carrying a point mass m
at its end is connected to the cart through a joint,
where the friction at this joint is modelled with a
torsional viscous damper c2. The system is sub-
jected to gravitational acceleration g. The cart is
moving on a frictionless surface. The system is
initially at rest.

1. (6 points) Write down the potential and kinetic energies, Rayleigh dissipation function, and
the Lagrangian of the system. DO NOT derive the equations of motion.

2. (8 points) The linearized equations of motion around the equilibrium point (x, ✓) = (0, 0) are:

ẍ+
c1
M

ẋ� c2
LM

✓̇ +
k

M
x� mg

M
✓ =

F

M
� T

LM

✓̈ +
(m+M)c2
L2Mm

✓̇ � c1
LM

ẋ+
(m+M)g

LM
✓ � k

LM
x = � F

LM
+

M +m

L2Mm
T

Derive the state-space representation of the system given that the two inputs to the system are
the force F and torque T , and the three outputs are selected as x+ L✓, ẋ+

T

c1L
, and L✓̇.

3. (5 points) The values of the parameters are given as follows:

M =
1

2
kg, m = 1 kg, k = 100 Nm�1, c1 = 4 Nsm�1, c2 = 1 Nsm, L =

1

2
m, and g = 10 ms�2.

Find the transfer function G(s) = X(s)/F (s) assuming that T = 0 (Hint: Do not use the
state-space representation).

4. (8 points) For a different set of parameters, the transfer function of the system with T as the
input and ✓ as the output (i.e. G(s) = Q(s)/T (s)), is calculated as:

G(s) =
s2 + 64

(s2 + 18s+ 144)(s2 + 0.24s+ 16)

Which Bode plot shown on the next page belongs to this transfer function? Justify your result.
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Problem 1 (Linearization)
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• Nonlinear System

• Linearize around a given equilibrium point

• Get comfortable with the Jacobian linearization approach



Equilibrium Point (Lecture 4 Slide 25)
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• At the equilibrium point                 , the 
derivatives will go to zero.

Taylor Series Approximation



Approximation in Matrix Form (Lecture 4 Slide 26)
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• Introduce variables for small variations: 

• Note that

Linearized Version of State Model



Problem 2
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• Transient response characteristics
• Impulse response
• Step response
• Ramp response
• Arbitrary input function

• Rise time, peak time, settling time
• Location of poles
• Stability



Problem 2
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• Finding the transfer function from the unit-step response



Problem 2
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Problem 2 (12 points)

The transfer function of an LTI system is

G(s) =
b0

1 + a1s�1

1. (6 points) Calculate the coefficients b0 and a1 such that the frequency response G(j!) of the
filter satisfies the following criteria: |G(j!)| = 5 for ! >> a1 and the phase of G(j!) is ⇡/4
for ! = 10 rad/sec.

2. (4 points) Sketch the Nyquist plot of the system for the calculated values of b0 and a1.

3. (2 points) Would this system serve as a high-pass, low-pass, or band-pass filter?

Problem 3 (13 points)

Consider a second order LTI system with two poles p1 and p2, one zero z1, and gain K.

1. (3 points) Write down the transfer function of the system.

2. (4 points) Calculate the unit step response of the system given that p1 = �2, p2 = �1, z1 = �5.
and K = 2.

3. (6 points) How would the unit step response change if we move the zero from z1 = �5 to
z1 = �0.5? Show your work with plots.

Problem 4 (10 points)

Compute the inverse Laplace transform of

G(s) =
3s

(s2 + 1)2

1. (4 points) Using the following property: L{tnf(t)} = (�1)n
dn

dsn
F (s).

2. (6 points) Using the following convolution integral f1(t) ⇤ f2(t) =
R t

0 f1(⌧)f2(t� ⌧)d⌧ .

Hint: sin(↵ + �) = sin(↵) sin(�) + cos(↵) cos(�) and sin(↵� �) = sin(↵) sin(�)� cos(↵) cos(�)
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• Pole placement vs the response characteristics



Problem 2
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• Reconstruction of the system from empirical values



Problem 3
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• Collection of small questions on Laplace transform and convolution



Problem 3
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• Collection of small questions on Laplace transform and convolution

• Find Unit-step Response
• Convolution
• Laplace Transform

Impulse Response



Problem 3
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• Collection of small questions on Laplace transform and convolution

• Solve the differential equation and calculate the output



Problem 3
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• Collection of small questions on Laplace transform and convolution

Problem 2 (12 points)

The transfer function of an LTI system is

G(s) =
b0

1 + a1s�1

1. (6 points) Calculate the coefficients b0 and a1 such that the frequency response G(j!) of the
filter satisfies the following criteria: |G(j!)| = 5 for ! >> a1 and the phase of G(j!) is ⇡/4
for ! = 10 rad/sec.

2. (4 points) Sketch the Nyquist plot of the system for the calculated values of b0 and a1.

3. (2 points) Would this system serve as a high-pass, low-pass, or band-pass filter?

Problem 3 (13 points)

Consider a second order LTI system with two poles p1 and p2, one zero z1, and gain K.

1. (3 points) Write down the transfer function of the system.

2. (4 points) Calculate the unit step response of the system given that p1 = �2, p2 = �1, z1 = �5.
and K = 2.

3. (6 points) How would the unit step response change if we move the zero from z1 = �5 to
z1 = �0.5? Show your work with plots.

Problem 4 (10 points)

Compute the inverse Laplace transform of

G(s) =
3s

(s2 + 1)2

1. (4 points) Using the following property: L{tnf(t)} = (�1)n
dn

dsn
F (s).

2. (6 points) Using the following convolution integral f1(t) ⇤ f2(t) =
R t

0 f1(⌧)f2(t� ⌧)d⌧ .

Hint: sin(↵ + �) = sin(↵) sin(�) + cos(↵) cos(�) and sin(↵� �) = sin(↵) sin(�)� cos(↵) cos(�)
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Problem 4 (Frequency Response)
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• Bode Plot

• Calculate transfer function
• Steady-state value
• Filter design
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Slope=-1

Slope=-3
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Problem 4 (Frequency Response)
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• Transfer Function

𝐺 𝑠 =
𝐾
𝑠

1
𝜏𝑠 + 1 !

𝐹 𝑠 =
𝐾" 𝑠 + 1
𝜏"𝑠 + 1

K = 2 and τ = 1

𝐺"(𝑠) =
𝐾" 𝑠 + 1
𝜏"𝑠 + 1

2
𝑠

1
𝑠 + 1 ! =

2𝐾"
𝜏"𝑠 + 1 𝑠 𝑠 + 1



Problem 4 (Frequency Response)
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• Bode Plot (no complex poles or exponential terms)

• Sketch Phase plot
• Transfer function
• Nyquist plot

• Steady-state Output



Another example on Frequency Response
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• Transfer Function

• Sketch Bode plot

𝐺 𝑠 =
10#𝑠(𝑠 + 100)

𝑠 + 10 !(𝑠! + 400𝑠 + 10$)



Another example on Frequency Response
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• Transfer Function

• Sketch Bode plot
• Nyquist Plot
• Calculate steady-state response if the input is 



Solution
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• Transfer function in standard form
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Slope=-1

Slope=-1

Slope=-2
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Solution
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• Input



Solution
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• From the Bode Plot


